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Abstract 

We propose concurrence classes for general pure multipartite states 
based on an orthogonal complement of a positive operator valued measure 
on quantum phase. In particular, we construct W m class, GHZ™ 1 , and 
GHZ™* 1 class concurrences for general pure m-partite states. We give 
explicit expressions for W 3 and GHZ 3 class concurrences for general pure 
three-partite states and for W 4 , GHZ 4 , and GHZ 3 class concurrences for 
general pure four-partite states. 

1 Introduction 

Entanglement is an interesting feature of quantum theory, which in recent years 
has attracted many researchers to quantify, classify and to investigate its useful 
properties. Entanglement has already some applications such as quantum tele- 
portation and quantum key distribution, and there will be new applications for 
this fascinating quantum phenomenon. For example, multipartite entanglement 
has the capacity to offer new unimaginable applications in emerging fields of 
quantum information and quantum computation. One of the widely used mea- 
sures of entanglement for a pair of qubits is the concurrence, which is directly 
related to the entanglement of formation 0|2 Ej • In recent years there have 
been some proposals to generalize this measure to a general bipartite state. For 
example, Uhlmann 0] has generalized the concept of concurrence by consider- 
ing arbitrary conjugation. Later Audenaert et a/.[H] generalized this formula in 
spirit of Uhlmann's work, by defining a concurrence vector for a pure bipartite 
state. Another generalization of concurrence was suggested by Rungta et aL[S] 
based on a super operator called universal state inversion. Moreover, Gerjuoy 
[2] and Albeverio and Fei [Hj gave an explicit expression of the concurrence in 
terms of the coefficients of a general pure bipartite state. It would therefore be 
interesting to be able to generalized this measure from bipartite to a general 
multipartite state, see Ref. Quantifying entanglement of multipartite 

states has been discussed in [J3 El El [J3 [Jl QI1 El El 123 ED Ell Ell [M] In 
|25ll2fi| . we have proposed a degree of entanglement for a general pure multipar- 
tite state based on a positive operator valued measure ( POVM) on quantum 
phase. Recently, we have also defined concurrence classes for multi-qubit mixed 
states [221 based on an orthogonal complement of a POVM on quantum phase. 



In this paper, we will construct different concurrence classes for general pure 
multipartite states. Our concurrence classes vanish on the product state by 
construction. For multi-qubit states, the W m class concurrences are invariant 
under stochastic local quantum operation and classical communication(SLOCC) 
[21j . since orthogonal complement of our POVM are invariant under the action 
of the special linear group. Furthermore, all homogeneous positive functions 
of pure states that are invariant under determinant-one SLOCC operations are 
entanglement monotones [231 - However, invariance under SLOCC for the W m 
class concurrence for general multipartite states need deeper investigation. It is 
worth mentioning that Uhlmann 0j has shown that entanglement monotones for 
concurrence are related to antilincar operators. The GHZ m class concurrences 
for multipartite states introduced in this paper are not entanglement monotones 
except under additional conditions. Thus, the GHZ m class concurrences need 
further investigation. Classification of multipartite states has been discussed in 
H3 HUES EHUD- For example, F. Verstraete et al. |2E] have considered a 
single copy of a pure four-partite state of qubits and investigated its behavior 
under SLOCC, which gave a classification of all different classes of pure states 
of four qubits. They have also shown that there exist nine families of states cor- 
responding to nine different ways of entangling four qubits. A. Ostcrloh and J. 
Siewert |2H) have constructed entanglement measures for pure states of multipar- 
tite qubit systems. The key clement of their approach is an antilincar operator 
that they called comb. For qubits, the combs are invariant under the action of 
the special linear group. They have also discussed inequivalent types of gen- 
uine four-qubit entanglement, and found three types of entanglement for these 
states. This result coincides with our classification, where in sectional we con- 
struct three types of concurrence classes for four-qubit states. A. Miyake . 
has also discussed classification of multipartite states in entanglement classes 
based on the determinant. He shown that two states belong to the same class 
if they are interconvertible under SLOCC. Moreover, the only paper that ad- 
dressed the classification of higher-dimensional multipartite states is the paper 
by A. Miyake and F. Verstraete [2], where they have classified multipartite en- 
tangled states in the 2 x 2 x n quantum systems for (n > 4). They have shown 
that there exist nine essentially different classes of states, and they give rise to 
a five-graded partially ordered structure, including GHZ class and W class of 
3 qubits. Finally, A. M. Wang has proposed two classes of the generalized 
concurrence vectors of the multipartite systems consisting of qubits. Our clas- 
sification is similar to Wang's classification of multipartite state. However, the 
advantage of our method is that our POVM can distinguish these concurrence 
classes without prior information about in equivalence of these classes under 
local quantum operation and classical communication (LOCC). 

Let us denote a general, multipartite quantum system with m subsystems 
by Q = Q m (Ni,N 2 , . . . , N m ) = QiQ 2 • • ■ Q m , consisting of a state 



and, let p Q = Y, n=1 Pn\^n)(^ n \, for all < p n < 1 and ^ n=1 p n = 1, denote 
a density operator acting on the Hilbert space Hq = Hq 1 ® Hq 2 ® • • • <E> H.Q m , 
where the dimension of the jth Hilbert space is given by Nj = dim(7ig j ). 
Moreover, let us introduce a complex conjugation operator C m that acts on a 



Ni n 2 



■ E ak 1 ,k 2 ,---,k m \ki,k 2 , . ■ . ,k m ) 

k m = l 



|*>=EE- 



(i) 



fci = l k 2 = l 



2 



general state |\&) of a multipartite state as 

Ni N 2 N m 

Cm\*) = x E ••• E <, fc2 ,..., fcm i^,fe,...,fc m ). (2) 

fe 1= ife 2 =i fe m =i 

We are going to use this notation throughout this paper, i.e., we denote a mixed 
pair of qubits by ©2(2, 2). The density operator pg is said to be fully separable, 
which we will denote by Pq P , with respect to the Hilbcrt space decomposition, if 

it can be written as p S Q P = X)n=i Pn ®j=i Pg.j > ELi Pn — 1, for some positive 
integer N, where p n are positive real numbers and Pq. denote a density operator 
on Hilbcrt space Hqj . If Pg represents a pure state, then the quantum system is 
fully separable if p P Q can be written as Pq P = <S)j=i PQj j where pg^ is a density 
operator on Hqj . If a state is not separable, then it is called an entangled state. 



2 Positive operator valued measure on quantum 
phase 

In this section we will define a general POVM on quantum phase, see Ref. |25j . 
This POVM is a set of linear operators A(<pi j2 , ■ ■ ■ , fi,Nj, <P2,3, ■ ■ ■ , <PNj-i,N } ) 
furnishing the probabilities that the measurement of a state pQ j on the Hilbcrt 
space r H.Q j is given by 



p(<Pl,2, ■ ■ ■ , <Pl,JV 3 , ^2,3, ■ ■ • , PNj-^Nj) 



(3) 



where (<pi,2) • ■ ■ , fi,N4> ¥2,3-> • ■ ■ 1 ViV,--i,JV,) ar c the outcomes of the measure- 
ment of the quantum phase. This POVM satisfies the following properties, 
A(<^i i 2, ■ ■ • , yi,JVj ? ^2,3, ■ ■ ■ , fNj-i.Nj ) is self-adjoint, positive, and normalized, 
that is 



/ • • • / d(fi,2 ■ ■ ■ dipi^dtpi^ ■ ■ ■ ckpNj-iM 

J2-K J2lT 

A((fi h2 , • ■ • , <Pl,N } , lf2,3, ■ ■ ■ , <PN i -l,N j ) = iNj , 



(4) 



where the integral extends over any 2n intervals. A general and symmetric 
POVM in a single N 3 .-dimensional Hilbert space 7ig 3 - is given by 



&(<Pl j ,2 j ,---,tpij,N j ,tp2 :i ,3 j ,---,<PN j -l,N j )= E el<Pk3 ' lj \ k i)( l i\ ( 5 ) 



/ 1 
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where \kj) and \lj) are the basis vectors in H.q and the quantum phases satisfy 
the following relation <pkj,u — — (1 — ^fe (,-)■ The POVM is a function of the 
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Nj(Nj -l)/2 phases (ip lj:2] ,- ■ ■ , Vi^Nj, ^,3^, • ■ ■ i Pjv,— l.ty)- It is now possible 
to form a POVM of a multipartite system by simply forming the tensor product 

&Q(<PQi-M,h>' ■ ■><PQ m ;k m ,l m ) = A Qi(VSi;fc 1 ,; 1 ) ® ' ■ ' ® A S m ( ( PQ m ;fc m ,i m ): 

(6) 

where, e.g., is the set of POVMs phase associated with subsystems Qi, 

for all kx, l\ = 1,2,..., N±, where we need only to consider when l\ > k\. 

3 Concurrence for general pure bipartite states 

The concurrence of two-qubit states is defined as C(^) = 1(^1^)1, where the tilde 
represents the "spin-flip" operation I*} = a y ® a y \^*), \*f?*) = J2i k=i a *ki\^^) 

is the complex conjugate of \^) = Yll k=i a k.i\k,l), and a y = ^ ? ^ J is a 

Pauli spin- flip operator j^JOl- Now, we will define concurrence for a general 
pure bipartite state based on the orthogonal complement of our POVM by 
constructing an antilinear operator for a general pure bipartite state Q 2 (Ni , N%). 
The POVM for quantum system Q 2 (Ni, N 2 ) is given by 

AeCveufci.iD^eaifca.fe) = AQ 1 (<pQ ll k 1 ,i 1 ) ® AQ 2 (<PQ 2 ;k 2 ,h)- (7) 

Next, we define the orthogonal complement of our POVM by ^Q-(<PQ--k-,i-) = 
2n- — Aq . {fQ--k-,i ,)> where 2n is the Nj-by-Nj identity matrix, for each sub- 
system j. For example, for a bipartite state Q 2 (2,3) we have 

AQ 2 (<PQ 2 ;k 2 ,l 2 ) = A Q2 (ip Q2 , h2 ) + A Q2 (lfiQ 2 , h3 ) + A Q2 (lfiQ 2 .2,3) (8) 

e — iipeaii.a e - il PQ2;2,3 

e -*VQ 2 ;i,3 e -i¥'Q 2 ;2,3 Q 

/ e^e2;i.3 \ 
where, e.g., Aq 2 (ipq 2 -i^) = . Moreover, we have 

\ e -^e2;i,3 / 

~ / e *Vei;i,2 \ 

i<PQi,i,2 q J ' Then for a quantum system Q 2 (2, 3) 
the orthogonal complement of our POVM A g(<£g 1 ;fc 1 ,!i, ¥>g 2; fc 2 ,i 2 ) is given by 

A Q(^Qi;fei,ii>¥'Q 2 ;fc 2 ,i 2 ) = A Qi (¥>Qi;ki,Ji) ® A Q 2 (^A,^) ( 9 ) 

= A Qi(^Qi;l,2) ® Aq 2 (^q 2; i. 2 ) 
+ A Qi(^Qi;1,2) ® A Q 2 (<^Q 2 ;l,3) 
+ A Si(ySi;l,2) ® A Q 2 (^Q 2 ;2,3) 

Now, we will introduce the following notation 



V 2 £ 3 ! f 2 ' !2 = A 2 1 ^S 1 ;i,2)® A Q2(^ 2;fc2 , i2 ), (10) 



where by choosing lpq ,. k , = ■§ for all fcj < lj, j = 1,2, we get an operator 
which has the structure of 7 Pauli spin-flip operator a y embedded in a higher- 
dimensional Hilbcrt space and coincides with a y for a singlc-qubit. Moreover, 
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EPR indicates that this operator detects the generic bipartite entangled state. 
We then define the concurrence of quantum system Q^{2 1 ?>) as 




c(Qi(2,3)) = v (m™^ 2 - 12 ^*) (11) 



v 1/2 

EPR k 
^Si, 3 (2,3) 

= (K*|ASr^SJ''Ca*>r + I<*|a£$^0»*>|" 

+K*iA|^ 3 c 2 *)r)V2 

= (4:Afi PR [\ai t ia2,2 - ai i2 a 2t i\ 2 + \ai^a 2 ^ ~ ai,3C*2,i| 2 
+ |ai,2Q!2,3 - cei. 3 a 2 ,2\ 2 }) 1 ^ 2 - 

Now, the generalization of this result is straightforward. Hence, for a pure 
quantum system Q 2 (Ni, N 2 ) we have 

KmnT = A Sl (4 i;fci ^®A S2 (4 2;fc2 , 2 ), (12) 
and the concurrence is given by 

cmNi,N 2 )) = f E \(*\K™X!nT c *M) 

\ h>ki=lh>k 2 =l ) 

The concurrence C( 22(^1! -^2)) vanishes for product states, and coincides with 
our entanglement tensor for general bipartite state |2fij and with the general- 
ized concurrence given in jJ||H]. Moreover, the concurrence C( 22(^1, -^2)) coin- 
cides with I-concurrence, which is a generalization of concurrence introduced by 
Rungta et al. [H] based on universal state inversion. Furthermore, our antilinear 
operator Ag^ ^jvi'jvM'' 2 ^2 * s invariant under LOCC operation by construction. 



4 Concurrence classes for general pure multi- 
partite states 

In this section, we will construct concurrence classes for general pure multi- 
partite states QfniNi, . . . , N m ). In order to simplify our presentation, we will 
use A m = ki,h; ...;k m ,l m as an abstract multi- index notation. The unique 
structure of our POVM enables us to distinguish different classes of multipartite 
states, which are inequivalent under LOCC operations. In the m-partite case, 
the off-diagonal elements of the matrix corresponding to 

Ag(<PQi;fci,«i>- • ■> ( ?Om:it m ,l„) = &Qi(<PQi;k lt h) ® ' ' ' ® A Sm {VQ m -k m ,l m ), 

(14) 

have phases that are sum or differences of phases originating from two and m 
subsystems. That is, in the later case the phases of Ag^gj^^ , ■ ■ • , <-PQm--,k m ,l m s ) 
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take the form (tyQ^kiM ± ^g 2; fc 2 ,; 2 ± . . . ± ¥>g m ;fc m ,z m ) and identification of these 
joint phases makes our classification possible. Thus, we can define linear oper- 
ators for the W m class based on our POVM which are sum and difference of 
phases of two subsystems, i.e., ((Pq -k r ,l r ±¥>Q r2 ;fcr ,l r2 )- That is, for the W m 
class we have 

~ wt ~ — 

A s. 1 ? ; 2 (^ 1 ,^ 2 ) = i N 1 ®---®A Qri (^ ri]krilri ) (15) 

(TJX \ 
, J denotes the binomial coefficient. Then there is C(m, 2) 

linear operators for the W m class and the set of these operators gives the W m 
class concurrence. 

For the GHZ m class, we define the linear operators based on our POVM 
which are sum and difference of phases of m-subsystems, i.e., {<pq ; fc ,l ri ^ 
<PQ r -,k r ,l r ± • ■ ■ ± VQ m ;k m ,l m )- That is, for the GHZ m class we have 

K" Z r% ri ,N r2 ) = ^eiC^ifcLlJ®-®^^;^,^) (16) 

® • • ■ ® A Sr2 (^| r2 .^^ ) g> • ■ • <g> A Qm (<^Q m;fem , im ). 

where by choosing <£<2;ik %. = tt for all fcj < lj, j = 1,2,..., to, we get an 
operator which has the structure of Pauli operator a x embedded in a higher- 
dimensional Hilbert space and coincides with o x for a single-qubit. There are 
C(m, 2) linear operators for the GHZ m class and the set of these operators 
gives the GHZ m class concurrence. 

Moreover, we define the linear operators for the GHZ™ 1 ^ 1 class of m-partite 
states based on our POVM which are sum and difference of phases of to — 1- 
subsystems, i.e., (ipQ T1 ;k ri ,l ri ±V>Q r2 ;k r2 ,l r2 ±- ■ ■ VSm-i;fc m -i,i m -i±i'Q m -i;fc m -i,U-i)- 
That is, for the GHZ" 1 ^ 1 class we have 



KZb^N r2) = ^(vi,.^,,,,)®^^.^^)® (l?) 

A Sm -i (^li^^ ) ® 

where 1 < r\ < r-i < • • • < r m -\ < to. There is C(to, to — 1) such operators for 
the GHZ" 1 - 1 class. 

Now, we can construct concurrence classes for multipartite states. For 
example, let X m denote two different classes of general multipartite states, 
namely W m and GHZ m classes. Then, for general pure quantum system 
. . . , N m ) with 

the X m class concurrences are given by 

C(Q^(N lt ...,N m )) = J2 C (Q*7*( N ^ N r*))) . (19) 

\ r 2 >ri = l / 



G 



where Af* is a normalization constant. Note that for m-partite states the W m 
class concurrences are zero only for completely separable states. That is as long 
as we have bipartite entanglement in our state this measure does not vanish. 
Thus, this class also includes all biseparable states. We will discuss this issue 
in detail in a forthcoming paper. One can say that the W m class concurrence 
measure the amount of bipartite entanglement in a multipartite state. Now, let 
us address the monotonicity of these concurrence classes of multipartite states. 
For m-qubit states, the W m class concurrences are entanglement monotones. 
Let Aj £ SL{2, C), for j = 1, 2, . . . , to, and A — A 1 ® A 2 <g> ■ • • ® A m , then 

AA™ 1 ' 2 --^ 2 „ ,A T = A^l 1 ' 2 '- ': 1 - 2 , for all 1 < n < r 2 < m. Thus, the 
W m class concurrences for multi-qubit states are invariant under SLOCC, and 
hence are entanglement monotones. Again, for general multipartite states we 
cannot give any proof on invariance of W m class concurrence under SLOCC 
and this question needs further investigation. Moreover, for multipartite states, 
the GHZ m class concurrences are not entanglement monotone except under 

additional conditions. Since AA„ 1 ' 2 l l "' 1 „ 2 sA T ^ A„ 1 ' 2 i,"' 1 ' 2 >,, for all 1 < 

Wlirj \*ri i*r 2 I Kr; ,r 2 (■*r 1 ,^r 2 ) 

T\ < r 2 < to. The reason is that A } ;AQ j (tpQ.. 12 )Aj ^ Aq^ (</?g.. li2 )- Thus, 
the GHZ m class concurrence for three-qubit states are not invariant under 
SLOCC, and hence are not entanglement monotones. However, by construction 
the GHZ™ 1 class concurrences arc invariant under all permutations. Moreover, 

we have (A™ Zl, ^ ;1 2 2 A 2 = 1 and (Aq j . 2 )) 2 = 1- Furthermore, we 

need to be very careful when we are using the GHZ m class concurrences. This 
class can be zero even for an entangled multipartite state. Since we have more 
than two joint phases in our POVM for GHZ m class concurrence. Thus, for the 
GHZ" 1 class concurrences we need to perform an optimization over local unitary 
operations. For example, let U = U\®U 2 ®- • -®U mi where Uj € U(Nj,C). Then 
we maximize the GHZ™ 1 class concurrences for a given pure m-partite state 
over all local unitary operations U. If maxy^ C(Q^"" {N\, . . . , N m )) ^ 0, then 
we have a genuine GHZ™ 1 multipartite state by construction. As an example 
of multi-qubit state let us consider a state |lF m ) = -^L-(|l, 1, . . . , 1,2) + . . . + 
2,1,. ..,1,1)). For this state the W™ 1 class concurrence is 

C{QT (2, . . . ,2)) = (l^^AC ) 1/2 = (^^A/T ) 1/2 - (20) 

This value coincides with the one given by Diir Moreover, let us consider 
the following state \GHZ m ) = ^(|1, . . . , 1) + |2, . . . , 2)). For this state the 
GHZ m class concurrence is 

C{Q G m Hzm {2, ...,2)) = i^l^MOHZf,, = { ^pl N GHZ f/ ^ (21) 

We will discuss in detail these states for three-qubit and four-qubit states below. 
Finally, for some partially separable states the C{Q^ (N\, . . . , N m )) class and 
C(Q ( ^ l HZ (Ni, . . . , N m )) class concurrences do not exactly quantify entangle- 
ment in general. Example of such states can be e.g., constructed for three-qubit 
states. 
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5 Concurrence classes for general pure three- 
partite states 

In this section we will construct concurrences for general pure three-partite 
states based on orthogonal complement of our POVM. For three-partite states 
we have two different joint phases in our POVM, those which are sum and dif- 
ference of phases of two subsystem, i.e., (^>Q 1 -,k 1 ,h ± L PQ 2 ;k 2 ,h) an d those which 
are sum and difference of phases of three subsystem, i.e., (<^Q i; fci,ii ±<PQ 2 ;k 2 ,i 2 ± 
VQs-Mm)- The nrs t one identifies W 3 class and the second one identifies GHZ 3 
class. For W 3 class concurrence, we have three types of entanglement, entan- 
glement between subsystems one and two Q1Q2, one and three Q1Q3, and two 
and three Q2 23- So, we define a linear operator by 



A 



1, 



N 3 



A Qi,3(Afi,w 3 ) and A Q2MN 2 ,N a ) are denncd in thc similar way. Now, for pure 



quantum system Q^(Ni, N 2 , N 3 ) with 

C(Q^ r2 (N ri ,N r2 )) 
W 3 class concurrence is given by 



E 

Vfci ,Zi ,&2 ,^2,5^3 5^3 



(22) 



N3 



/ 3 \ V 2 

C(Q 3 w3 (iV 1) Ar 2 ,^3))=hvr ]T C(Q^ r2 (7V ri ,iV r2 )) 

\ l=ri<r 2 / 

iVi 7V 2 

(4A^[ E E 

h>k 1 = l l 2 >k 2 = l 
Ni N 3 

+ E E 

ii>fei = l l 3 >k 3 = l 



JV 2 



^ {ak u k 2 M a h-h,k 3 ~ a k u k 2 M a h,l 2 ,h) 



N-> 



N 3 

E E 

02>&2 = 1 J3>fe3=l 



fc 2 =i 2 = l 
iVl 



E ( Q: fel 1 fe2,i3 Q: Jl,;2.fe3 _ Q: fel,fe2,fe3 Q: Jl 1 «2,i3) 
fc 1= / 1 = l 



]) 1/2 ,(23) 



where A/3 is a normalization constant. By construction the W 3 class con- 
currence for three-partite states vanishes for product states. Now, for a state 
I'J'w 3 ) = ai,i,2|l, 1, 2) + ai,2,i|l) 2, 1) + 0:2,1, i|2, 1, 1), the W 3 class concurrence 
gives 

C(Q 3 w3 (2,2,2)) = (4A^[|a 1 , 2 , 1 a 2 , 1 , 1 | 2 + \a 1X2 a 2 . xl \ 2 + |ai,i, 3 ai,2,i| 2 ]) 1/a . 

When a 1)li2 = a 1>2 ,i = a 2 ,i,i = ^, we get C{Qf 3 (2, 2, 2)) = (f-A/^) 1 / 2 and 

C(Qf ffz3 (2,2,2)) = 0. Thus, for = §, we have C{Qf 3 (2, 2, 2)) = 1. 

The second class of three-partite state that we would like to consider is the 
GHZ 3 class. For this class, we have three types of entanglement, so there are 
three linear operators. The first one is given by 



A 



GHZ 



!, 2 (NuN 2 ) = A ei(^Q i; fc 1);i )® A Q2^Q 2 -k 2 ,iJ ® ^Q^QrM,h)- 
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A Qi, 3 (Ni,n 3 ) and A Q 2 ,3(w 2 ,Ar 3 ) are defined in similar way. Now, for a pure quan- 
tum system Q3{Ni,N 2 ,N 3 ) with 

C(Q^ r f(N ri ,N r2 )) = 

\fki<l\ : k 2 <l 2: \k 3 <l 3 

the GHZ 3 class concurrence for general pure three-partite states is given by 

/ 3 \ V2 

C(Qi HzS (N 1> N 2 ,N 3 ))=l^ HZ J2 C{Q^ H r z {N ri ,N r2 )\ (25) 

\ l=r 1 <r 2 / 

Ni Ni N 2 N 2 N 3 N 3 

= WZ HZ [Y. E E E E E 

l\>k\ k\— 1 l 2 >k 2 k 2 —l £3>&3 fc 3 — 1 

I a fci,i2,i 3 a ii,fc2,fe3 + a k 1 ,h-k3 a h;k 2 .h ~ a k ll ka>ls a h,h,k 3 ~ M^MM^iM-h I + 

l a fcl,«2,i3 Q! /l,fc2 > fc3 ~ O-^MM^lM.h + Q; fel,fc 2 ,i3 Q; il,i2,fc3 ~~ a fcl ,&2 ,&3 a h ,h -h I + 

I — a fci,i2,i3 a ii,fc 2 ,fc3 + a fei,i 2 ,fc3 a ii,fc2,i3 + a ki,k 2 ,h a h,hM ~ a ki,k 2 ,k 3 a h,l 2 ,h P]) > 

where M§ HZ is a normalization constant. Now, for the state I^ghz 3 ) = 
ai,i.i|l, 1, l)+a 2 , 2 .2|2,2,2), the GHZ 3 class concurrence gives C(Q|p z3 (2, 2, 2)) = 
(12A^^|ai,i 1 ia 2 ', 2l2 | 2 ) 1 / 2 and for a w = a 2 , 2 , 2 = ^, we get C(Q^ 3 (2, 2, 2)) = 
(3^V 3 Gi?z ) 1 /2. Thus, for Af 3 HZ = i we have C(Q!p z3 (2, 2, 2)) = 1. However, 

for this state C(Q]j (2,2,2)) = 0. Note that for some states we need to per- 
form optimization over local unitary operations as was discussed in the previous 
section. 



(*|A 



GHZ 



,(N ri ,N r2 ) 



C,40 



(24) 



6 Concurrence classes for general pure four-partite 
states 

For general four-partite states we have three different joint phases in our POVM. 
Those which are sum and difference of phases of two subsystems, i.e., (VQi;fei,ii i 
l PQ 2 ;k 2 ,i 2 ) , those which are sum and difference of phases of three subsystems, 
i.e., {^>Q 1 -k 1 ,i 1 ± L PQ 2 ;k 2 ,i 2 ± ( PQ 3 ;k 3 ,l 3 )i and those which are sum and difference 
of phases of four subsystems, i.e., (</>Qi;fci,ii ± ¥>Q 2 ;k 2 ,l 2 ± fQs;k 3 ,h =•= VQa-Mm)- 
The first one identifies W 4 class concurrence, the second one identifies GHZ 3 
class concurrence, and the third one identifies GHZ 4 class concurrence. For 
the W 4 class, we have six types of entanglement, so there are six operators 
corresponding to entanglement between QiQ 2 , Q1Q3, Q1Q4, Q2Q3, Q2Q4, 
and Q3Q4 subsystems. The linear operator corresponding to Q1Q2 is given by 

A Si,2W,JV 2 ) = A Si(^Q 1 ;fe 1 ,i 1 )« ,A S2^S 2 ;fe 2 ,i2)® X ^ ®^JV 4 . 

A W ^ A Wt * A Wl * A W ^ andA^ arc dc 

^Qi, 3 (N lt N 3 )> ^Q 1A (Ni,Ni)' ^22,3(^2,^3)' ^22,4(^2,^4)' dI1U ^Qsa(N 2 ,N 4 ) dlL UL ~ 

fined in similar way. Now, for a pure quantum system Q^(N\, . . . , N4) with 



c(Q:, r ,(iv ri ,jv r2 )) 

Vfci ,2l,...,fc4,/4 



(26) 
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the W 1 class concurrence is given by 



/ X 1/2 

c(Qf (n u ...,n a ))= A/f ]T c (C(^-^)) =( 4A/ T (27) 

\ l=r\<r 2 / 



JVi N 2 

E E 

ii >fci =1 / 2 >fc 2 =i 

JVi N 3 

E E 

ii >fci =i / 3 >fc 3 =i 

E E 

l 1 >k 1 =l Z 4 >fc 4 = l 

E E 

i 2 >fc 2 =l h>h 3 = l 
N 2 JV 4 

E E 

l 2 >k 2 = l l4>k4 = l 

N 3 N4. 

E E 

^3>&3 — 1 Z4>/C4 — 1 



W 3 Ni 

E E 

k'3 — £3 — 1 /C4 — 14 — 1 

N 2 N 4 

E E 

&2 — ^2 — 1 &4 — ^4 — 1 

N 2 N 3 

E E 

fc 2 =; 2 =i fc 3 =z 3 =i 

E E 

ki—li — l k4—l4 — l 
Ni N 3 

E E 

ki=h=l k 3 =l 3 =l 
Ni N 2 

E E 

fci— ii— 1 fc 2 — / 2 — 1 



"A,-!, i 2 ,fc 3 ,fc 4 «ii,fc 2 ,i 3 ,z 4 _ "fci.fca.fca,^"/!^^,^) 



a^MJaMMhMMJi ~ a k 1 ,k 2 ,k 3 ,k i O:i 1 ^ 2 ^ 3 ^ i ) 



Olk 1 ,k 2 M-k i Otl 1 ,l 2 ^ 3 ,U - «fel,*2,fc3,fc4 Q! il|J2,J3,u) 



Olk 1 ,k 2 M;U a h-l 2 ,l 3 -k i - a k 1 ,k 2 ,k 3 M a h l h,h,u) 



Uk 1 ,k 2 M-U a li,l 2 ,l 3 ,k i - a k lt k 2 ,k3M a h,h,h,u) 



) l/ 2] 



where A/4 is a normalization constant. Now, forastatc l^v^ 4 } — "i,i.i,2|l, 1, 1,2)+ 
"i,i,2,i|l, 1, 2, 1) + ai,2,i,i|l, 2, 1, 1) + a2,i,i,i|2, 1, 1, 1), the W^ 4 class concurrence 
gives 

C(Qf 4 (2,...,2)) = (4A^[|a 1 , 2il , 1 a 2 , 1 , 1 , 1 | 2 + |ai,i, 2 ,ia2,i,i,i| 2 
+ |"i,i,i,2«2,i,i,i| + |"i,i,2,i"i,2,i,i| 
+ |«i,i,i,2«i,2,i,i| + |"i, 1,1,201, 1,2, i| 2 ]) 1/2 

and for 01,1,1,2 = "1,1,2,1 = "1,2,1,1 = "1,2,1,1 = ^j, we get C(Q^ 4 (2, . . . , 2)) = 
(^^A^)V2 = (fA/7) 1 / 2 , C(Q 4 G ^ 3 (2, . . . ,2)) = 0. 

The second class of four-partite state that we want to consider is the GHZ 3 
class. For this class, we have four types of entanglement. These linear operators 
are given by 



Qi 2 , 3 (Ni,N 2 ) 



A Sl (<p^ i;fcl , Zl ) ® A e2 (v3^ 2 . fe2ii2 ) <g) A C3 (^ 3 . fc3 , 3 ) ®Ijv 4 , 



-X GHZ li 

^Qi 2 ,i(Ni,N 3 ) 



^Gl3,4(iVi,iV4) 



^Cl^exiAn,!!) ® J ^2 ® A e3 ((p^. fc3i ; 3 ) (g) A e4 (^ 4 . fc4 ; 4 ), 



^ G ^^4 
^Q 23 ,4(Af 2 ,iV3) 



T Nl g> Aq^^.^J® A a3 (^| 3;fc3i , 3 )(g) A Q4 (^ 4 . fc4>i4 ), 
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where, e.g., A Q ^ N , identifies elements of our POVM which are sum and 



-ghz\ 

^Ql2A(Nl,N 2 ) 

difference of phases of three subsystems, i.e., ([ l PQ 1 ;k 1 ,i 1 ± <PQ 2 ;k 2 ,i 2 ] ± l PQ 4 ;k 4 ,i 4 ) 
and extract information about entanglement of subsystems Q1Q2 — Qa- For 
pure quantum system Q±(Ni, . . . , N4) with 



C(Q?*S 3 (N ri ,N r2 )) = J2 



Qr ir2 ,r a (N ri ,N r2 ) 

the GHZ 3 class concurrence for general four-partite state is given by 



(28) 



/ 4 3 \ 1/2 

C{Q G ; HZ ' d (Nu-.., N,)) = Af° HZ C iQr" 2 Z rl (N ri , N r2 )) 

\ l=r±<r 2 <r 3 / 

JVi N 2 N 3 N 4 

= (Afz HZ ^ ^ 2J I X! (- a kiM,k 3 ,k4 a h,l 2 ,hM 
l 1 >k 1 = ll 2 >k 2 = ll 3 >k 3 = l k 4 =l 4 = l 

~ a k 1 ,k 2 ,l 3 ,k 4 a h,h,k 3 ,U + a ki,l 2 ,k s ,k4 a liM,h,U + ^fci ^2 ,Z3 ,fc 4 Cti i ,fc 2 . A; 3 ) 1 2 + 

iVi JV 2 N 4 N 3 

X! X X! I X! (- a ki,k 2 ,k 3 M a h,l 2 ,h,h - a kiM,k 3 ,h a h,l 2 ,hM 
l 1 >k 1 = ll 2 >k 2 = ll 4 >k 4 = l k 3 =l 3 = l 

+®k 1 ,l 2 ,k 3 ,k 4 a h,k 2 ,h,U + a fei:i2,fc3,U Q; /i,fe2,i3,fc4)| 2 + 

iVi iV 3 N 4 N 2 

^ X] I X! ( _a ^1^2,fc 3 ,fc4 Q; /l,i2,i3,i4 - Ot kl ,k 2 -k 3 -U a h.l 2 ,hM 

Zi>fei=i z 3 >fc 3 =i ; 4 >fc 4 =i fe 2 =; 2 =i 

+ a fcl,fc2,i3,fe4 a /l,i2,A;3,i4 + Q ; fcl,fc2,i3,U Q; /l,i2,fe3,fc4)| 2 + 

W 2 JV 3 N 4 iVi 

^ X] X I 5Z ( _a fcl,fc2,fc3,fc4 a /l,i2,i3,i4 + 0*-k u k 2 ,k 3 ,h a h,l 2 ,h,k 4 

h>k 2 = ll 3 >k 3 = ll 4 >k 4 = l k 1= h = l 

-a/ci,fc 2 ,/3,fc4 Q; /i,i2,fe3,i4 + otktMM-i^hMM-kA 2 ) 1 ^ 2 \ 

where J\f GHZ is a normalization constant. Next we are going to consider the 
Gi7Z 4 class concurrence for general four-partite states. For the GHZ 4 class, 
we have again six types of entanglement, so there arc six linear operators cor- 
responding to entanglement between these subsystems. The linear operator 
corresponding to (QiQ2)Q3Q4 is given by 

K" 2 k,N 2 ) = A Sl (^t i;fel ,J®A S2 (^i 2;fe2 , 2 ) (29) 

~OHZ A4 ~GHZ Ai ~GHZ Ajt ~GHZ Ai ~C J HA Ai 

^21,3(^1,^3)' ^Ql,4(iVl,JV4)' ^22,3(^2,^3)' ^02,4(^2,^4)' ^03,4(^3,^4) ai " eae - 

fincd in a similar way. Now, for a pure quantum system Q±(Ni, . . . , N4), let 

(30) 



, t GHZ k _ , 

(m Qr J\ Nri , Nr2) c^) 
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Then, the GHZ class concurrence is given by 

C(Qf ffZ \N 1 ,...,N A ))=(^ HZ C(Q^ H r f(N ri ,N r2 ))\ (31) 

\ l=n<r 2 / 

iVj AT 2 JV 3 JV4 

= (4A/" 4 GHZ ^ ^ ^ ^ [l-afci.fa.fc.^aiLia.i,.!* 
;i>fe 1= i ; 2 >fe 2 =i i 3 >/£ 3 =i i 4 >fe4=i 

-«fei,fc 2 ,fc 3 ,i4 a ii,i 2 ,i3,fc4 _ a/ci,fc 2 ,i 3 ,fc4 a ii,i 2 ,fc3,i4 _ afci,fc 2 ,; 3 ^4 a 'i^ 2 ,fc 3 ,fc4 

+ Q fei,i 2 ^3,fc4 a ii,fc 2 ,i 3 J 4 + ®k 1 ,i 2 MJ 4 a hM,h,k 4 + i k 1 j 2 ,i3M a hMM,i 4 

+ak 1 MM,h a iiMM,kA 2 + I _ Q!fc 1 ,fc 2j fe3 J fe 4 Q!; lj i 2 ,i 3j ; 4 - a^^M.U^iMMM 

+ a kiM,h,ki a h,hM,h + OL k 1 ,k 2 ,l3,l 4 a liM,k 3 ,k 4 — ^ki,hMM a hM,h,h 

i |2 
~Ctk 1 ,l 2 M,U a h,k 2 d 3 ,k 4 + a k 1 ,l 2 d 3 ,k i ai u k 2 ,k 3 d4 + J 2 ,l 3 J 4 a hM,k 3 ,k 4 

+ 1 — a fci,fc 2 ,fc 3 ,fc 4 a Zi.Z 2 ,Z 3 ,Z4 + a k u k 2 ,k 3 ,U a hd 2 ,l 3 ,k 4 — a*i,fca J 3 ,k 4 a h,l 2 M,h 

+ a k 1 ,k 2 J 3 ,l i Ctl 1 ,l 2 ,k 3 ,k 4 , — a>k 1 J 2 ,k 3 M a hM,h,h + a k ly l 2 ,k 3 ,l 4 a h,k 2 ,h,k4. 

+Otk 1 ,l 2 ,l 3 ,k4. a h,k2,k3,U ~ a k 1 ,l 2 ,l 3 ,UOH u k 2 ,k 3 ,k 4 \ 2 + I - a k 1 ,k 2 ,k 3 ,k 4 a luh,h,l 4 

-OLk 1 ,k 2 M,l 4 a h,l 2 M,k 4 + OLktM.lsM'^liMM.li + a k 1 M,li,,l 4 OL hM,k 3 ,k 4 

+ a k 1 ,l 2 M,k 4 ®l 1 ,k 2 ,l 3 d 4 + ak 1 ,l 2 M,h a hM,h,k 4 - Olk 1 J 2 ,l 3 ,k 4 a h,k 2 ,k 3 ,l 4 

-ak u i 2 d 3 ,i 4 ai u k 2 M,k 4 \ 2 + I - afcx.fca.ks.k^ii.Ws.U + "ki.ka.ks.k^li.Ws,** 

— a k 1 ,k 2 J 3 ,k 4 0!l 1 ,l 2 ,k 3 J 4 + (Xk 1 MMl 4 a liM,k 3 ,k 4 + a k u l 2 ,k 3 ,k 4 a h,k 2 d 3 ,l 4 

2 

— a k 1 ,l 2 ,k 3 ,U a h,k 2 d 3 ,k 4 + Ctk 1: l 2 d 3 ,k 4 ah,k 2 ,k 3 ,l 4 ~ a k u l 2 ,l 3 d 4 0!l 1 ^k 2 ,k 3 ,k 4 

+ 1 — a k!,k 2 ,k 3 M a hd 2 ,l 3 d 4 + a k u k 2 ,k 3: l 4 a hd 2: l 3 ,k 4 + Q*i,fc 2 d 3 ,k 4 a liMM ,U 
-° L k 1 ,k 2 M,l 4 a h,l 2 M,k 4 ~ OLk 1 ,l 2 ,k 3 ,k 4 ° L ll,k 2 ,l3,l 4 + a k 1 J 2 ,k 3 ,U OL h,k 2 M,k 4 

+ a k 1 ,l 2 MM a hMM,l 4 ~ a k u l 2 M,l 4 a liMMM P]) 1 ^ 2 , 

where J\f^ HZ is a normalization constant. As an example let us investigate the 
concurrence for the GHZ 3 class of four-qubit state. Let /?i = cti. 1,1.1^2, 2, 2, 2, 

P2 = Q!l, 1,1,2(22,2,2,1) p3 = <^1, 1,2,1^2, 2,1, 2) P4 = 1,2, 2^2,2,1,1, P5 = «1, 2,1, 1«2, 1,2, 2, 

Pe = "1,2, 1,202,1,2,1, pV = Q!i,2,2,iQ!2,i,i,2) Ps = 01,2,2,2^2,1,1,1, then we have 

C(4Qf Hz4 (2, . . . , 2) = (4JV^ HZ [\ - p\ - & - & - & + As + p 6 
+fa + /3 8 | 2 + | - ft - fa + p 3 + p4~p 5 -p6 + p7 + p 8 \ 2 
+ | - A + p 2 - p 3 + p 4 - p 5 + p 6 + fa - p 8 \ 2 + | - p x - p 2 
+fa + Pi + fa + Pe - fa - Ps\ 2 + I - Pi + fa - fa + Pi + fa 

-P 6 +fa-P 8 \ 2 + | - Pi + P2 +P 3 -Pi-P 5 +P6+fa- P S \ 2 }) 1/2 - 

Next, let us consider following the state \ ^% HZ ) = oi, 1,1,1 11, 1, 1, 1) +02,2.2,2! 2, 2, 2, 2} 
then the concurrence of the GHZ A class of the \^%jjz) state is given by 

C(Qf HZ \2, . . . ,2)) = (4 • 6A4 GHZ |ai,i,i,ia 2 ,2.2,2| 2 ) 1/2 (32) 

and for a WA = a 2 , 2 ,2,2 = 73 we get C{Q% HZ \2, . . . ,2)) = {QN?" 2 ) 1 ' 2 . 

7 Conclusion 

In this paper we have expressed concurrence for a general pure bipartite state 
based on an orthogonal complement of our POVM. Moreover, we have proposed 
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different concurrence classes for pure multipartite states. We have investigate 
the monotonicity of the W m class and the GHZ m class concurrences for multi- 
qubit states. The W m class concurrence for multi-qubit states are entanglement 
monotones. However, GHZ m class concurrences are not entanglement mono- 
tones. Our classification suggested the existence different classes of multipartite 
entanglement which arc in equivalent under LOCC. At least, we known that 
there is two different classes of entanglement for multi-qubit states which our 
methods could distinguish very well. For higher dimensional composite states, 
e.g., for 7«-partite states for m > 4, there is no well known and well accepted 
classification. Thus, there is more space for new idea and methods to gives a 
rigorous classification of multipartite states. However, we think that this work 
is a timely contribution to the relatively large effort presently being undertaken 
to quantify and classify multipartite entanglement. 
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